We show that the radion in a warped geometry bounded by two branes can have a potential suitable for inflation. Our construction is based upon a solution known in string theory as the linear dilaton, in which the back-reaction from a bulk scalar Φ is exactly accounted for. The radion, stabilized by Φ, is much heavier than the TeV scale and its couplings to the standard model are much more suppressed than in the usual RandallSundrum solution. We present a new formalism for obtaining approximate time-dependent solutions, based on perturbing the exact solution to the coupled Einstein and scalar field equations in the bulk. It allows the radion potential to be computed directly in terms of the brane potentials for Φ. We show that simple exponential potentials on the branes can lead to a 4D radion potential with a flattened hilltop form, yielding inflation with a spectral index of typically n s = 0.96 and no higher than 0.99. With more complicated brane potentials, the descent from the hilltop can be a linear potential, giving a tensor-to-scalar ratio as large as r = 0.07 with n s = 0.974. The couplings of the radion to the standard model particles are dictated by general covariance, so the details of reheating are explicitly calculable, leading to a reheat temperature of at least 10 7 GeV. The quantum corrections to the inflaton potential from its couplings to matter are also calculable and are shown to be small, so that the prediction for the shape of the potential is under theoretical control, even with superPlanckian field excursions.
existence of moduli in these models is a generic feature with potentially important cosmological consequences. If unstabilized, they can conflict with big bang nucleosynthesis or fifth force constraints. This was the case in the original proposal of Randall and Sundrum (RS1) [2] , which elegantly addressed the weak-scale hierarchy problem. These issues were resolved by introducing a bulk scalar field to stabilize the radion, the modulus determining the size of the extra dimension [3] .
Moduli are natural candidates to serve as the inflaton, and the radion is foremost among them. However it has been difficult to make radion inflation work in practice. Ref. [4] proposed the modulus of large extra dimensions [5] as the inflaton, but this required an inflaton potential with a rather peculiar shape to have inflation at the TeV scale [6] . In the framework of warped extra dimensions, most of the effort has been either on inflation driven by motion of branes within the bulk, or else conventional inflation on one of the branes modified by an unconventional Friedmann equation due to the extra dimensions. We are not aware of previous proposals for getting inflation from the radion in the RS-I (orbifold bounded by two branes) scenario. 1 It would be difficult to make this work, first because the Goldberger-Wise mechanism for stabilizing the radion does not give it a flat potential, and secondly because at Planck-scale values of the canonically normalized radion field, which could in principle have given chaotic inflation, the radion has already passed the barrier in the potential separating the compactified and decompactified regimes of the theory. In fact the light KK modes of the extra dimension become excited, invalidating the 4D effective description, long before the radion can reach the Planck scale.
In this work we present a model of a warped 5D radion as inflaton that overcomes these difficulties. We incorporate a warped background solution that has negative curvature but is not AdS; instead it is conformally flat, and relies on a linearly varying bulk scalar field for the source of its negative bulk energy density. The weak scale hierarchy problem is naturally solved, and inflation occurs at a high scale, with weak couplings of the inflaton to matter on the standard model brane. We are able to relate the potential of the radion to the bulk scalar field potentials on the branes in a rather simple way, and to find radion potentials (starting from brane potentials of exponential form) that are flat enough for inflation with a certain amount of tuning of parameters of the brane potentials.
Generically, one always expects decompactified flat space to be a solution to the Einstein equations, and so the radion potential naturally has degenerate minima representing compact and noncompact fifth dimension, separated by a barrier. In our model the barrier is at Planckian field values, and we can find examples where superPlanckian excursions during inflation lead to an observable tensor component in the perturbations. Other examples have a small tensor component with inflation ending close to the hilltop. Because the minima are degenerate, we have the situation of topological inflation [8, 9] : the universe divides into 4D and 5D domains separated by eternally inflating domain walls where the radion is near the top of the potential. This guarantees the existence of regions where the inflaton is arbitrarily close to the potential maximum (up to the limitation imposed by quantum fluctuations of the field) so that one does not have to rely upon fine-tuning of the initial position of the inflaton to get enough inflation.
In section 2 we introduce the static solution with stabilized radion and contrast it to the RS solution, especially with regard to the hierarchy problem. In section 3 we perturb away from the static solution to find time-dependent ones, in the approximation that the back-reaction is small. We derive the effective 4D theory in section 4, computing the mass of the radion and the spectrum of Kaluza-Klein excitations for the radion and bulk scalar. We then construct some inflationary models using exponential brane potentials and work out their predictions for the CMB power spectrum, using both analytic and numerical techniques. Section 5 derives the couplings of the radion to the standard model, enabling us to compute the reheat temperature at the end of inflation and to estimate the radiative corrections to the inflaton potential. We give conclusions in section 6 and the bulk Einstein and scalar field equations in the appendix.
Unperturbed static solution
We begin by introducing the framework for our 5D brane-world model. The action for 5D gravity coupled to the stabilizing scalar field, Φ = Φ (y, t) with a bulk potential V (Φ) and potentials on the branes V 0,1 (Φ) is
The extra dimension is an S 1 /Z 2 orbifold (hence the factor of 2) and all functions are symmetric under y → −y. Thus we consider the interval y ∈ [0, 1] for the compact extra dimension with the Planck (y 0 = 0) and TeV (y 1 = 1) branes located at the orbifold fixed points. We also include extrinsic curvature terms [K] that are needed for properly defining the variations of the action. The most general metric ansatz that respects 3D homogeneity and isotropy can be written as ds 2 = e 2N (t,y) dt 2 − e 2A(t,y) dx 2 − e 2B(t,y) dy 2 (2.
2)
The field equations for this ansatz are well known and we reproduce them in appendix A.
Static solutions
It will be useful for what follows to construct an exact solution to the coupled bulk scalar field and Einstein equations, which is conformally flat:
Notice that this differs from AdS 5 in Randall-Sundrum coordinates where the e 2n(y) factor does not multiply dy 2 . The negative vacuum energy density provided by the bulk scalar potential is not constant, so the geometry is not AdS. This solution is well-known (see e.g., [10] - [12] ) in the context of strings propagating in a spacetime with subcritical dimensionality, compensated by a spatially linearly varying dilaton similar to our bulk scalar. With this ansatz the Einstein equations in the bulk reduce to
As usual, the scalar field equation of motion
is not independent of the Einstein equations, but can be obtained by taking linear combinations of (2.4, 2.5) and derivatives thereof. By choosing the bulk potential to take a special form, V = −V exp(c V Φ), one finds that the solutions for n and Φ are simple linear functions of y: n(y) = n 0 − kby, Φ(y) = Φ 0 + c Φ y. Here k plays the role of the AdS curvature scale, as in the usual RS solution, and by analogy we will so refer to it, even though the solution is not AdS. The integration constants n 0 and Φ 0 can be absorbed into the normalizations of b andV respectively without loss of generality, so we set them to zero. The equations of motion then imply thatV = −
. With these choices, the bulk scalar potential is given by
where we define
and the solution is n(y) = −kby; Φ = µ 5 kby (2.9)
In contrast to the original RS construction, we do not include a bulk cosmological constant; the negative bulk potential V (Φ) is responsible for the curvature of the 5D geometry. Similar negative potentials have been studied in the context of Golberger-Wise stabilization of bulk fields in AdS 5 [13] , where it was observed that the unboundedness of the potential does not lead to instabilities in the AdS background [14] . The present case is similar; in the analogous subcritical string theory situation where the bulk scalar is the dilaton, in the string frame the negative coefficient of the potential is interpreted as a negative bulk cosmological constant, which would give rise to an AdS background if the dilaton were held fixed. In the present situation we have in addition the couplings of the bulk field to the branes, which prevent the field from running away.
Junction conditions
The Israel junction conditions (see e.g., ref. [15] ) and the boundary conditions for the scalar field are given by
where the ± apply respectively at y 0 = 0 and y 1 = 1. Then explicitly,
where e n 1 = e −kb and Φ 1 = µ 5 kb are respectively the warp factor and the scalar field value on the TeV brane. Let us recall the physical significance of the junction conditions. In the pure RS model with no scalar field, the two junction conditions require fine-tuning of the brane tensions (here represented by the values of the potentials V 0 and V 1 on the branes). For generic values of the tensions, one would obtain a bulk solution that is not static, and which contains a black hole in the extra dimension [16] . Thus the two tunings can be interpreted as (1) the usual setting of the 4D cosmological constant to zero, to obtain a static solution, and (2) the tuning of the bulk black hole mass to zero. The radion b is exactly massless in this solution, and can thus take any value.
Next consider the addition of the bulk scalar field. In the usual implementations of the Goldberger-Wise mechanism, the back-reaction of the scalar field on the metric is taken to be small, and one simply solves the bulk scalar equation in the AdS 5 background. This is a second order equation, and the two constants of integration in the solution are determined by the two additional boundary conditions involving dV i /dΦ. This generically induces a potential for the radion that is minimized at some value b 0 .
In our solution, the situation is somewhat different; we have singled out a particularly simple form of the scalar field solution, which is only compatible with certain choices of dV i /dΦ at the boundaries. It is still true that the radion is stabilized as in the generic GW mechanism, but there is an additional tuning of potential parameters needed to maintain the linear solution for Φ. This extra tuning is on the same footing as that of the bulk black hole mass in the pure RS solution. We suspect that our results can be generalized to more complicated solutions in which this tuning is relaxed, but for ease of computation, we will adhere to this special situation.
The upshot is that the junction conditions amount to three tunings of brane potential parameters, plus one condition that fixes the value of the radion b, and hence the warp factor on the TeV brane. Let us illustrate with a simple example of brane potentials which is similar to that made by GW:
Solving the junction conditions, we obtain three constraints that can be regarded as finetunings on the parameters m 0 , u 0 and u 1 ,
while m 1 can be regarded as adjustable, and its value determines the warp factor through
One notices a disadvantage of our approach relative to the usual one; we have had to build the hierarchy of scales into our original choice of brane couplings to get an exponentially small warp factor, as opposed to having generic Planck-scale values for the brane potential parameters. The next example shows that this problem can be ameliorated if the potentials take an exponential form.
Exponential brane potentials
In our subsequent construction of an inflationary solution, we will make use of a different choice of brane potentials, which are exponentials in Φ:
(2.16)
The junction conditions lead to
For a given desired value of b 0 determining the hierarchy of scales between the two branes, there are thus four free parameters α i , β i that can eventually be used to tune the potential of the radion to a form suitable for inflation, while the dimensionful couplings ∆ i and Λ i are fixed in terms of these. Notice that if α 1 and β 1 happen to be moderately close to 1 (e.g., ∼ 1.1), the explicit hierarchy can be ameliorated between the dimensionful parameters on the Planck brane versus those on the TeV, while yielding a sufficiently large value of kb 0 ∼ 37 to explain the TeV scale, since then Λ 1 /Λ 0 ∼ e (1−α 1 )kb 0 and ∆ 1 /∆ 0 ∼ e (1−β 1 )kb 0 .
Time-dependent solutions
Our goal now is to extend the static solution of the previous section to dynamical ones in which the radion is displaced from its stable equilibrium value b 0 . In refs. [15] , [17] - [20] , 5D solutions that also include the dynamics of a bulk scalar field were found for the case of a single brane. In these papers the search for solutions was simplified by assuming that the metric functions and the bulk scalar were separable functions of t and y, which we will justify. The key to our approach will be to allow for a large excursion of the radion field (which plays the role of the inflaton) in response to linear perturbations of the metric and bulk scalar. Although such an ansatz is not guaranteed to be consistent, we will show that for suitable choices of the parameters for the exponential brane potentials (2.16,2.17) it is justified, and will allow us to find physically interesting inflationary solutions.
Small perturbations with large radion fluctuations
We make an ansatz for general scalar perturbations similar to that in ref. [21] ,
It reduces to the static solution of the previous section when F = G = δΦ = ϕ(t) = 0. Normally then, one would linearize in all of these quantities. However we will find a more general solution for the perturbations by treating only F, G, δΦ as being small, while working to all orders in ϕ(t) (andφ). This corresponds to allowing for large excursions of the radion during inflation. We will justify it a postieriori by choosing special values of the brane potentials that lead to a sufficiently flat inflaton potential. The perturbations F, G, δΦ are constrained by the nondynamical Einstein equations, namely those containing only first derivatives. The G 05 equation gives
Similarly the off-diagonal G ij equation gives
It can be integrated to find
where an untenable term linear in x has been set to zero. The G 0j equation
can be solved for the bulk scalar perturbations, using eq. (3.5) :
Lastly the G i5 equation, after substituting eqs. (3.5) and (3.7), reduces to
The general solution to (3.8) is
We find that theF (x) terms in the solutions to the metric and scalar field perturbations, eqs. (3.5, 3.7, 3.9) , vanish at linear order from the off-diagonal constraint equations and soF (x) is undetermined. Therefore it can be consistently set to zero. Now let us specialize the general ansatz to a form that is adapted for the cosmological solutions we seek:
where n 1 = n(1) = −kb 0 and ε is an adjustable parameter. 2 It reduces to the previous static solution when the radion fluctuation ϕ(t) vanishes, if f , f 2 and δΦ also vanish. One can interpret f, f 2 and δΦ as small back-reactions induced on the metric and scalar field, respectively, by the (possibly large) radion fluctuation ϕ. This ansatz does not provide an exact solution to the equations of motion, but it is a good approximation at leading order in f , f 2 and δΦ as long as these quantities are small, in a sense to be specified. We will find situations where it is possible to reliably consider large excursions of the radion during inflation, even superPlanckian ones. It will be shown that the functions f , f 2 and δΦ can be algebraically derived from the brane potentials V 0 and V 1 . In turn they determine the potential for the radion in the 4D effective theory. We will find that the radion potential derived from this ansatz is dominated by contributions from f and its bulk scalar counterpart (the part that is flat in the extra dimension). The other parts of the perturbations, those with exponential y-dependence, turn out to be relevant solely for the stabilization of the static solution.
The G 05 equation and junction conditions
To arrive at the functional form of the scalar perturbations we examine the off-diagonal Einstein equation. Linearizing the left hand side we find
This motivates us to parametrize δΦ(ϕ, y) = δΦ 1 + δΦ 2 where
This separation is useful, because it will be necessary to require that f, f 2 , g, g 2 ≪ 1 but not necessarily that ϕ ≪ 1. With this parametrization, the dominant "1" terms which are zeroth order in the perturbations cancel as in our previous analysis and the linearized G 05 equation becomes
It is satisfied everywhere in the bulk if
and has negligible y-dependence when
In our numerical analysis we find eqs. (3.16, 3.17) hold to a high degree of accuracy when the back-reaction is small. Moreover, for the cases we study, eq. (3.17) will reduce to eq. (3.16). Now let us reconsider the junction conditions in the presence of the perturbations:
where now Φ 0 = −µ 5 ϕ and Φ 1 = µ 5 (kb 0 − ϕ) take the place of the unperturbed scalar field at y = 0 and y = 1. These are algebraic equations that determine the back-reaction functions f, g and f 2 , g 2 . At low energies the functions all have a linear dependence on ϕ and are related as g = f and g 2 = (1 + ε)f 2 . However, when ε = −1, g 2 vanishes at linear order in ϕ so that the bulk scalar perturbations are effectively independent of y. Even when ϕ is large, this choice simplifies the subsequent analysis without affecting the radion dynamics, so we will adopt ε = −1 from now on. The linearized jump conditions can be solved to first order in g by Taylor-expanding V ′ 0 about Φ = −µ 5 ϕ at y = 0:
where the prime on potentials denotes
Expanding next for V 0 in eq. (3.19) we find
Similarly, at y = 1, we expand V ′ 1 about Φ = Φ 1 − µ 5 ϕ and find for arbitrary stabilizing potentials using (3.21) and (3.22)
Then expanding for V 1 in eq. (3.19)
where
A fine-tuned choice of brane potentials such that V 0 = −V 1 e n1 is tempting for simplifying the solutions since then g 2 = f 2 = 0. However, our study of the KK excitations (section 4.2) shows that this choice is precluded by the presence of a tachyon instability. The expressions for the back-reaction functions may nevertheless be simplified by neglecting the subdominant contributions involving extra powers of the warp factor:
Our results for f, g and f 2 , g 2 are derived from the jump conditions and not from the Einstein equations, so it is not obvious that they satisfy the relation (3.15) from the G 05 equation. However, it is simple to show that this indeed is the case, at linear order. Differentiating the first jump condition (at y = 0 or y = 1) in (3.19) with respect to ϕ using (3.14) gives
Eliminating dV i dΦ using the second jump condition (at y = 0 or y = 1) in (3.20) and linearizing, the dominant "1" terms again balance and we arrive directly at (3.15) evaluated on the branes (which also guarantees that (3.15) is satisfied in the bulk since both sides of the equation vanish). This is similar to what was found in ref. [21] where the linearized offdiagonal Einstein equation, G µ5 evaluated on the branes was shown to be equivalent to one of the junction conditions of the metric so that no new constraints arise.
For small ϕ ≪ 1 we can Taylor-expand about the background and arrive at simple expressions for the back-reaction functions
where the jump conditions
have motivated us to parametrize the brane potentials such that
This has a convenient physical interpretation. When σ i = 0 the radion is massless and the background solution will be BPS in the sense of the solution generating technique utilized in ref. [13] . In general, the σ i depend on parameters of the brane potentials, and they determine the zero-mode masses for the radion and the bulk scalar field in terms of the curvature scale k. The effects of various choices of σ i will be explored in section 4.
The remaining Einstein equations
So far we have succeeded in finding the back-reaction as a function of the radion fluctuation ϕ, but we have not yet determined the dynamics of ϕ. This comes from solving the remaining Einstein equations. They are difficult to solve exactly due to their explicit dependence on y through the warp factor n(y) which also appears in the metric and scalar perturbations. However, when we supplement the restrictions (3.18) on f 2 and g 2 by analogous ones for f, g,
then it is possible to linearize to obtain some equations that have negligible y-dependence. The radion will induce only a small back-reaction on the 4D slices of the 5D spacetime relative to the static solution,
Similar to the off-diagonal equation (3.15) , zeroth order terms vanish since these involve factoring out ϕ dependence with the background solutions. The remaining equations can then be averaged over the extra dimension to find the radion dynamics:
It was shown in reference [23] that the cosmology of the radion in the RS model can be obtained equivalently from the effective action or from averaging the Einstein equations as in (3.37) . In Section 4.1 we will construct the 4D effective action that leads to the bulk-averaged equations of motion.
The bulk equations to be averaged are given in the Appendix, eqs. (A.2)-(A.4). Collecting t derivatives to the right hand side, Using eq. (2.7) for V and (3.12, 3.14) for Φ, linearizing eq. (3.37) with κ 2 5 = 3µ
5 and integrating over y we find to first order in the back-reaction functions ȧ a
where primes denote d dϕ and
with
All of the Υ i terms are subdominant to other similar terms appearing in the equations, so it is consistent to drop them and keep only the explicit f and g source terms (notice that Υ 5, 6 are exponentially suppressed by powers of the warp factor). This demonstrates our earlier assertion that the radion dynamics are dominated by the Planck brane potential, which determines f and g, while f 2 and g 2 are needed for stabilization only. The remaining Einstein equations then take the simple FRW-like form ȧ a
These equations are augmented by the linearized Klein-Gordon equation
found at this level of approximation by integrating (A.1) or equivalently by starting from the 4D effective action (4.3) in Jordan frame which we derive in the next section.
Of course, not all four of the equations (3.45-3.48) are independent. As was observed in ref. [22] , the linear combination of equations (3.48) 
Inflation in the effective 4D theory
It is not difficult to derive the form of the effective action that gives rise to the 4D equations of motion (3.45)-(3.48). Starting from the 5D action (2.1) and the metric (2.2) one arrives at
The boundary contributions from the compact extra dimension exactly cancel the extrinsic curvature terms and so do not appear in this expression. Substituting for the metric functions A, B and N in (3.10), for V and Φ with (2.7) and (3.12), and using the jump condition (3.19) to rewrite V i in terms of the perturbations one can linearize about Φ = µ 5 (kb 0 y − ϕ). After integrating over y we arrive at the effective action
Neglecting the small Υ i terms as before, we can write the simplified effective action in Jordan frame as
where V r,J = 9k 2 κ It is straightforward to show that this action implies the equations of motion (3.45)-(3.48) to linear order in f, g when we make use of eq. (3.16).
One can go to the Einstein frame by performing the Weyl transformation
after which the action takes the form
where dots now denote d dτ , and the radion no longer mixes with the scale factor. The Einstein frame potential is
and ϕ is related to the canonically normalized radion field φ by
where m p is the reduced Planck mass. The Friedmann equation then takes the usual form
as does the Klein-Gordon equationφ
We will continue to do some of the subsequent analysis using the dimensionless field ϕ however, to avoid having to repeatedly write µ 4 .
Radion stability
To summarize the results to this point, we have shown that in the class of 5D warped models we are considering, the radion potential is given by
where the functions f and g are determined by the Planck brane potential V 0 to leading order for small f, g, by eqs. (3.26, 3.27) . The TeV brane potential V 1 has virtually no effect because of the suppression of f 2 and g 2 by powers of the warp factor in eqs. (3.21-3.22). We are assuming that φ = 0 is a stable equilibrium point. Since f = g = f ′ − g ′ = 0 at φ = 0 (see eq. (3.16)), it is clear that φ = 0 is a critical point of the potential, and V r also vanishes at this point, leading to a Minkowski solution. To compute the radion mass, notice that f ′′ − g ′′ = f ′ . Therefore
Using eq. (3.21), we find that
) Consider for example the exponential potentials (2.16-2.17). The radion mass is determined by
. Recalling our discussion of the hierarchy problem, where it was pointed out that values of α 1 and β 1 close to unity alleviate the need for a strong explicit hierarchy between the scales of the potentials on the two branes, we are motivated to define α 1 = 1 +α,
and for consistency when comparing parameters
Then it is straightforward to show that g ′ (0) = αβ(1 + αβ)/(1 − αβ). The radion mass squared is thus given by
and there is a second zero mode whose mass has a similar expression in terms of theα and β parameters. Hence m 2 r is generically nonzero, and it is positive as long as −1 < αβ < 0 or αβ > 1. As for the remaining parameters we will show in the next subsection that 0 <αβ ≪ 1 is required in order to avoid a tachyon instability in the second light state, and to address the hierarchy problem.
We emphasize an important difference between our model and the RS model supplemented by Goldberger-Wise stabilization of the radion. In the latter, the radion mass is suppressed by the warp factor and so is naturally at the TeV scale, whereas in ours, whose background geometry is different, it is natually at the scale k; we must do one tuning of parameters, α ≪ 1, to make it small enough for inflation. This will be advantageous when we consider the robustness of the radion-as-inflaton potential against quantum corrections from standard model physics later on.
Kaluza-Klein excitations
One might wonder if it is sufficient to stabilize the radion without also considering the zero mode of the bulk scalar field. As ref. [21] has shown, there is only a single KK tower for the two fields. However, in our model there is a second zero mode in the tower, the sign of whose mass squared depends on the choice of brane potentials. We will show that this state can be made much heavier than the radion so that it is consistent to neglect it along with the higher KK modes. Our main point is to show that the nonzero KK modes are not excited during inflation, which if it happened would invalidate our effective 4D description. We will find that these modes have masses of order k, while the second zero mode hass mass √ σ 1 k, with σ i defined in (3.34). The details of the calculations are left to Appendix B. Following Csaki, Graesser and Kribs (CGK) [21] we consider the spectrum of perturbations around the background solution. The metric ansatz used to describe the scalar fluctuations differs slightly from theirs since we are working with a y-coordinate in which the background is conformally flat
A similar analysis was subsequently done by Kofman, Martin and Peloso (KMP) [24] . They generalized the CGK results by constructing a gauge invariant combination of scalar perturbations which ensures the hermiticity and orthogonality of modes in the mass spectrum, defined here as
v is analogous to the Mukhanov-Sasaki variable [25, 26] in 4D inflationary cosmology. Expanding the action (2.1) to second order and diagonalizing in terms of the different scalars, one finds separable solutions v(x, y) = j Q j (x)ṽ j (y) such that the quadratic action of the KK modes can be reduced to [24] 
with the normalization coefficients
whereF j is related toṽ j as F is to v in (4.18). The solutions are determined by the jump conditions (B.6, B.7) and the two nondynamical constraints (B.3, B.4) originating from the linearized off-diagonal Einstein equations to determine G and δΦ.
To calculate the mass spectrum in our model we incorporate the results of KMP and CGK except in the application of the boundary conditions. Unlike the present work, refs. [21] , [24] assumed a convenient stiff potential limit for the stabilizing potentials that forces δΦ to vanish on the branes with the result that only the radion zero mode appears with the infinite tower of KK excitations. Relaxing this assumption gives rise to the bulk scalar zero mode. One can also understand the two light modes as being the moduli of the positions of the two branes in the bulk [27] .
General solutions obtained from the action expanded at second order for v j are equivalent to those obtained for F j from the linearized Einstein equations [24] . We prefer to solve for F j similarly to CGK since the boundary conditions and normalization look simpler in this language. The heavier KK excitations and the zero modes take the form
for 4m 2 j ≥ 9k 2 and m 2 z ≪ k 2 respectively. The index j ≥ 0 is an integer which labels the heavier KK modes, while z = r, s stands for the two light (radion or bulk scalar) zeromodes. The complete solutions are obtained by applying the linearized boundary conditions to determine the ratio of integration constants and the mass.
The lightest KK excited state has λ 0 = 0 with m 2 0 = 9 4 k 2 . Heavier modes must be found numerically except for some special cases which we display in Table 1 . Recall from the discussion in the previous subsection that σ 1 =αβ ≪ 1 is needed to explain the hierarchy between the Planck and TeV branes. If |σ 0 | ≪ |σ 1 | ≪ 1 so as to achieve a large mass gap Table 1 : A summary of the mass spectrum for various brane potentials parametrized by σ i . The entries correspond to the general case where tachyons are absent, followed by the massless radion, the stiff potential limit and fine-tuned brane potentials.
between the radion and the other modes, then the KK masses are well-approximated by
for j ≥ 0. Thus all KK mode masses are at least order k, independent of the precise details of the stabilizing potentials. We previously showed that the radion mass depends on V 0 , the potential on the Planck brane; see eq. (4.12)). Similarly the bulk scalar zero mode mass depends on the TeV brane potential V 1 . In the case where the brane potentials are tuned such that |σ i | ≪ 1 (eq. (3.34)) the zero mode masses are approximately
To avoid tachyonic instabilities we must impose σ 0 < 0 and σ 1 > 0. This result agrees with the analysis of criteria regarding the presence of tachyons for brane world models utilizing the Goldberger-Wise mechanism carried out in reference [28] . Comparing (4.26) with (4.15), for the exponential brane potential V 0 (2.16) which implies σ 0 = αβ, we corroborate at first order in σ 0 the more exact expression for the radion mass given in the previous subsection. We will henceforth assume that σ 1 =αβ from V 1 (2.17) is large enough so that the bulk scalar zero mode is much heavier than the radion:
We will verify that m s ≫ H (the Hubble scale during inflation) so that it is consistent to ignore the bulk scalar zero mode during inflation. The KK modes are much heavier and thus can also be considered as frozen.
Radion inflation: an explicit model
Let us now consider the full radion potential (valid to leading order in f, g) corresponding to the brane potentials (2.16-2.17), with the restrictions (2.18-2.19) and the definitions (4.14). Ignoring the small exponential terms involving f 2 and g 2 we find that
and the combination (f − g) that enters the radion potential (4.11) is
In the case we are interested in where |α|, |β| ≪ 1 in (4.13), the expressions for f 2 and g 2 (3.28, 3.29) take the simple form then
Since ϕ ∼ 1 during inflation whileαβ ≪ 1, it follows that if f and g are small then so are f 2 and g 2 and the consistency conditions (3.18) are satisfied.
To design a suitable potential for inflation, we have the two dimensionless parameters α, β and one dimensionful scale k at our disposal, subject to the restriction (4.27) on σ 0 = αβ. In addition σ 1 =αβ must satisfy (4.27) and we must ensure that f, g ≪ 1 for consistency of the effective theory. Notice from (4.28) that if |α| ∼ |β|, then generically g ∼ 1 even if |α|, |β| ≪ 1. However if |α| ≪ |β| (4.32) (or β ≪ α, giving qualitatively similar results) then f and g can be made parametrically small: both vanish in the limit α → 0. This motivates our choice of parameter values. We have also remarked that the radion potential has a second degenerate (Minkowski) minimum because of the decompactification limit as ϕ → ∞. Thus the generic form of the potential is that of a hilltop model with a barrier separating the minima at ϕ = 0 and ϕ = ∞. We find that this barrier can be made very flat when β is close to −3, for 0 < α ≪ 1, making it possible to get inflation from near the top of the barrier. The shape of the potential is illustrated for α = 10 −7 and a few values of β near −3 in figure 1 . Figure 2 shows that the condition f, g ≪ 1 is satisfied in the region 0 < ϕ < 3 where inflation starting from the top of the barrier might take place. Choosingα = 10 −2 andβ = 6 × 10 −3 for the fiducial values of α = 10 −7 and β = −3 is sufficient to ensure eqs. than that of the radion. We will presently show that it also exceeds the Hubble scale during inflation.
We have numerically integrated the inflaton equations of motion starting close to the top of the barrier. Taking the number of e-foldings N as the time variable, these can be written in the first-order form,
where π =φ is the canonical momentum and the Hubble parameter is given by H 2 = 1 6 π 2 + 1 3 V r in Planck units. (Recall that µ 4 arises in the relation between the canonically normalized radion φ and the dimensionless one ϕ.) For α = 10 −7 , β = −3, the maximum of the potential is at ϕ m = 3.01. Starting at ϕ = ϕ m − δϕ with δϕ = 0.05, for example, gives N e = 685 e-foldings of inflation. ϕ as a function of N is shown in figure 3 . Although the total number of e-foldings depends upon how small δϕ is taken to be, the spectral index at the time of horizon crossing (nominally 60 e-foldings before the end of inflation) is insensitive to the initial condition, as long as at least 60 e-foldings of inflation occurred. This behavior has been observed in a number of previous studies of hilltop inflation models [29] - [34] .
To compute the power spectrum and spectral index we have used the prescription (see eq. (43) of ref. [35] )
in terms of the slow roll parameter ǫ =
. These are to be evaluated at horizon crossing, approximately 60 e-foldings before the end of inflation. More precisely, we take the crossing of the scale relevant for the COBE normalization of the power spectrum to be N COBE = 56.5 [31] , a number that depends only logarithmically on the scale of inflation; since the spectrum changes slowly with N , this is an adequate approximation for our purposes. The first slow roll parameter is ǫ = 1.1 × 10 −4 , giving a small tensor-to-scalar ratio of r = 1.8 × 10 −3 . This is related to the fact that the canonically normalized inflaton field does not change by an amount much greater than the Planck scale [36] ; in our model ∆φ = 3 √ 2 m p ∆ϕ ∼ = 6m p . This is consistent with a refined version of the Lyth bound [37] , ∆φ ∼ = 6M p r 1/4 (where M p = √ 8π m p ). We investigated the effect of varying the parameters α and β away from the fiducial values α = 10 −7 and β = −3. Holding β fixed and varying α, we find that for small α the spectral index asymptotes to its maximum value of n s = 0.963 (figure 5). Figure 6 shows that the curvature scale k, determined by the normalization of the power spectrum, follows a power-law relation k ∼ α −1/2 for very small values of α. Recall that the prefactor of the inflaton potential is proportional to k 2 m 2 p ; however the actual scale of inflation does not rise despite the increase in k; the ǫ slow roll parameter asymptotes to 1.2 × 10 −4 at the smallest values of α, which is nearly the same as its value at α = 10 −7 .
The corresponding results of varying β at fixed α = 10 −7 are shown in figures 7 and 8. We see that it is possible to achieve a higher value of the spectral index than by varying only α; the maximum value is n s = 0.99 at β = −3.1. 
Model with larger tensors
In the previous model, constructed from brane potentials consisting of just two exponentials, there was not enough freedom to find examples with a tensor-to-scalar ratio r exceeding 10 −3 . However with the addition of just one more exponential term, we can overcome this limitation. Consider the Planck brane potential
The back-reaction functions f and g are given by
which lead to the radion potential (4.11), proportional to e −3ϕ (f − g).
Solving the unperturbed junction conditions similarly to eq. (2.18-2.19), we obtain
where we have reparametrized δ 0 = δ + 1 similarly to (4.14) . This model therefore has two parameters in addition to the previous one, δ and Ω 0 , the latter of which we find convenient to exchange for Ω 0 /2µ 2 5 k ≡ hα. It will turn out that interesting values of Ω 0 /2µ 2 5 k are of order α, so that h is of order unity. We have seen that taking α ≪ 1 is needed to get acceptable values of the spectral index. The potential can be approximated by a simpler expression in this regime, that allows us to make analytic predictions for the tensor-to-scalar ratio r. By further tunings of parameters, we can achieve a potential that is nearly linear during inflation, 3 leading to a large ǫ parameter and η ∼ = 0. This is the best case for getting a large tensor signal from the model. Linear behavior in ϕ occurs if some of the exponents in V r are quite small. Taking δ is close to −3 realizes this possibility.
First consider the small-α approximation to the potential, which can be written as
This is a good approximation in the inflationary region, between ϕ = 0 and the maximum of the potential. To see the turnover of the potential at large ϕ, it is important to keep the term of O(α) in the denominator; neglecting it leads to a potential that levels out at large ϕ instead of having a maximum. Next consider the case where 0 < δ + 3 ≪ 1 so that the terms of order e −3ϕ in the numerator are subdominant. This leads to
The term αV δh (ϕ) is O(1) near the maximum of the potential, but it becomes subdominant away from the maximum, and the ϕ-dependence is dominated by the numerator. In this region, since |δ + 3| ≪ 1, the dependence is in fact linear. We can write V r ∼ (1 − ξ + 3ξϕ), where ξ = h(3 + δ). This potential has slow-roll parameters η ∼ = 0 and
Inflation ends when ǫ ∼ 1, i.e.,
It is straightforward to solve the slow-roll equation of motion for the linear potential. Setting dπ/dN = 0 in eq. (4.33), we have dϕ/dN = −(m p /µ 4 ) 2 V ′ r /V r . This gives a simple quadratic function for N (ϕ). Using (4.43), one can find ϕ as a function the number of e-foldings before the end of inflation,
Notice that with N ∼ = 60 and ξ ∼ = 1, ϕ(60) ∼ = 5, in agreement with the position of the maximum of the potential in fig. 9 . Substituting this into (4.42) we get a simple result in which the dependence on the slope parameter ξ drops out completely:
where we have taken N = 56.5 to correspond to the COBE scale. This gives a tensor-to-scalar ratio of r = 16ǫ = 0.07 (4.46) which is somewhat higher than the projected sensitivity of the Planck experiment, r min ∼ = 0.05 [40] . Moreover the spectral index is
The prediction that r is independent of the parameters of the potential in this regime depends on the assumption that the linear behavior in the numerator of (4.41) dominates over the ϕ-dependence from V δh (ϕ) in the denominator. In the next subsection we will quantify this by solving the equations of motion numerically using the full potential.
Using eqs. (4.44-4.45), the power spectrum (4.34) in this model is P = 3(150π 2 ) −1 αξk 2 m 2 p (4N + 1) 3/2 , allowing us to determine √ αk through the normalization:
The radion mass differs from that in (4.35) only by an extra factor of √ 1 + ξ ∼ 1.
Numerical analysis
Numerical analysis shows that the linear behavior of the potential is fully achieved for somewhat smaller values of α < ∼ 10 −11 than we considered previously. For larger values of α, the linear shape is not fully realized and the tensor ratio does not reach its maximum value of r = 0.07. This is illustrated in figures 10 and 11 , which show the dependence of r and n s on h and δ respectively, when α = 1.5 × 10 −9 . On the other hand, by decreasing α to 1.5 × 10 −12 and tuning δ closer to −3, the predictions (4.46) and (4.47) based on the linear potential are borne out, both for r and for n s . In all cases, values of h(3 + δ) of order unity are needed to get the maximum tensor signal. It is encouraging that the model is able to produce values of r that exceed the minimum value of r ∼ = 0.05, which is estimated to be at the threshold for detection by the Planck satellite [40] . It is novel that we find such a regime in a hilltop potential [30] , for which the tensor ratio is typically unobservably small, r < 0.002. We have checked that for the examples shown here, the maximum value of f, g in the inflationary region is f = 0.02, so the condition f, g ≪ 1 is still satisfied and the O(f 2 , g 2 ) corrections to our approximation for the potential are under control.
Consistent with the analytic prediction (4.48), the curvature scale k starts to exceed m p in the large-tensor models that have the smallest values of α. For example with 1.5 × 10 −11 , δ = −2.99 and h = 200, we obtain r = 0.066 and k = 1.4m p . Examples with nearly as large tensors exist with k < m p , such as α = 5 × 10 −11 , δ = −2.985, h = 100, yielding r = 0.06 and k = 0.8 m p . However it is the combination √ αk that appears in the potential, and this remains subPlanckian, so the fact that k itself may exceed the Planck scale can be regarded as merely an artifact of our parametrization.
Coupling of radion to standard model
An interesting feature of this model that distinguishes it from most other models of inflation is that the couplings of the inflaton to the standard model are exactly specified, since the radion is a component of the higher-dimensional metric. This enables us to address the details of reheating in a way that is usually not possible without making additional assumptions. Moreover, we can compute the quantum corrections to the radion potential to check whether its exotic form is radiatively stable.
The most natural situation is that the SM fields are localized on the TeV brane. As an example, consider a Higgs field H. Using the metric (3.10) and the conformal transformation (4.5), we find that in the Einstein frame, its coupling to ϕ is
where we have renormalized the field and the mass to absorb warp factors so that m H is the already-warped mass, m H < ∼ TeV. For small ϕ, f (ϕ) ∼ αϕ and f 2 (ϕ) ∼αβϕ which in the inflationary models we have considered is a negligible correction to the leading ϕ dependence in the exponents, giving the usual result that the radion couples to the trace of the stressenergy tensor.
Reheating
Using the conventional theory of perturbative reheating, one estimates the reheat temperature as T r ∼ g −1/4 * (ΓM p ) 1/2 where Γ is the decay rate of the inflaton and g * the number of relativistic degrees of freedom. Using the interaction (5.1) and recalling the relation (4.8) between ϕ and the canonically normalized radion φ gives a rate of order Γ ∼ g * m 4
H /(16πm 2 p m r ), since there are ∼ g * additional degrees of freedom besides the Higgs into which the radion can decay. For m H ∼ 100 GeV, this leads to a reheat temperature that is too low even for nucleosynthesis, T r ∼ 10 −3 eV.
However, there exists a much more efficient channel for reheating, by decay of the radion into gauge bosons. Although the radion does not couple to gauge bosons at tree level due to the tracelessness of their stress energy tensor, the conformal anomaly induces a coupling at one loop, of the form [21] 
where α is the fine structure constant. An analogous term is present for gluons and the electroweak vector bosons. The decay rate due to this operator is much faster than that due to (5.1) since the derivatives are of order m r /2 as opposed to m H . 4 The decay rate is approximately
Using the radion mass (4.35) and α = 0.1 for QCD, this gives a reheat temperature of order
which is high enough for electroweak baryogenesis, and low enough to avoid the gravitino problem.
It is possible that reheating could be more efficient than indicated by this perturbative estimate, due to parametric resonance by the same coupling. Production of massless particles can be a particularly efficient form of preheating (see for example ref. [41] ).
Radiative corrections to inflaton potential
The radion potentials we have derived have exotic shapes compared to simple renormalizable potentials, and this has enabled us to produce distinctive signatures, like a larger tensor ratio than would be expected. One should always be concerned whether such peculiar potential shapes are radiatively stable. A second advantage of knowing the radion's couplings to matter is that we can address this question quantitatively. Consider the coupling (5.1) to a Higgs field. To compute the contribution to the effective potential for ϕ, we can take ϕ to be constant and renormalize H to have a canonical kinetic term. Then the contribution to the Coleman-Weinberg potential is
Since m 4 H ≪ k 2 m 2 p (the prefactor of the radion potential), this is a negligible correction. Of course the more relevant contributions come from integrating out particles at some intermediate scale m int , if there is new physics above the TeV scale. Even then however we are safe as long as m 4 int ≪ k 2 m 2 p . One correction that does not appear in the Coleman-Weinberg potential is the cosmological constant on the branes, a constant shift to the brane potentials (2.16-2.17). Such terms can be studied in the extended model with brane potential (4.37) in the limit where δ 0 = 0 and by adding a similar term to the TeV brane. We have checked that our conclusions based of the potential with two exponentials in 4.3 are not very sensitive to the addition of the constant term. Fig. 14 shows the effect of the constant term on the potential: for h > 0, the flat 4 we thank Neil Barnaby for pointing out the possibility of perturbative decay into gauge bosons region of the hilltop is shortened, leading to a shorter period of inflation, while for h < −1 it is destabilized. The spectral index as a function of h is shown for the same potentials in fig. 15 ; values up to h ∼ = 20 are compatible with the 1σ WMAP5 allowed region, n s = 0.963 ± 0.015. 
Discussion
We have explored a new framework for inflation, where the radion in a warped 5D compactification is the inflaton. Our approach differs from the usual Randall-Sundrum setup in that we work in the linear dilaton background (a bulk scalar that varies linearly with the extra dimension) rather than AdS 5 . The bulk scalar stabilizes the radion by the Goldberger-Wise mechanism. Knowing its unperturbed solution exactly gives us greater computational control over the back-reaction when we perturb the radion away from the minimum of its potential. We derived an approximate analytic formula for the radion potential that depends mainly on the form of bulk scalar potential term on the Planck brane.
Similar to the RS model, the hierarchy between the weak and Planck scales arises in our model without having to build it into the 5D Lagrangian. One can check that for the dimensionless parameter values we needed for inflation, the dimensionful brane potential parameters (2.18, 2.19) are dominated by the terms Λ 0 and ∆ 1 , both of order µ 2 5 k for a warp factor consistent with kb 0 ∼ 37 needed to solve the hierarchy problem. On the other hand, the mass of the radion does not get warped down to the weak scale; m r is fixed to be around 10 13 GeV by the normalization of the CMB power spectrum. Moreover the couplings of the radion are not enhanced by the inverse warp factor; they remain Planck-suppressed. This tends to lead to a low reheat temperature, but also protects the inflaton potential from large radiative corrections.
Choosing a sum of two exponentials as the brane potentials, we found that the radion potential suitable for inflation was generically of the hilltop form, but (with some tuning of dimensionless couplings) having a shape that could be much flatter than the generic negative quadratic form. Expanding the ansatz on the Planck brane to a sum of three exponential enabled us to find potentials where the descent from the hilltop is linear and consistent with a large tensor contribution r = 0.07, detectable by Planck.
An advantage of this model is that the couplings of the radion to matter on the branes can be computed explicitly. The radion couples to the trace of the stress energy tensor of a given particle, and to the one-loop conformal anomaly for states that are classically conformally invariant. We showed that this leads to reheating into gauge bosons by perturbative decay, with a reheat temperature of order T r ∼ 10 7 GeV. We did not explore the possibility of parametric resonance, which might significantly increase T r .
A direction for further development is to see if our scenario can be realized in a string theory compactification. It is well-known that warped-throat-like linear dilaton solutions arise in the near horizon region of a stack of NS 5-branes [42] (see also section 14.1 of [43] ). Moreover, in the same way as the Klebanov-Strassler throats [44] are smoothly capped versions of anti-de Sitter throats near a stack of D3-branes, there exist known smoothly capped throatlike linear dilaton solutions [45] , [46] . So far these throats and their compactifications have not been as widely studied as the analogous Klebanov-Strassler throat.
In ref. [47] it was proposed that dynamically weakening gravity at early times could provide the low-entropy initial conditions that are needed for inflation to get started. In the Jordan frame our effective 4D action (4.3) has a time-dependent Newton's constantĜ(φ) = Ge −φ/µ 4 when the radion is displaced from its equilibrium value, which could potentially realize this scenario. In this frame, 4D gravity is effectively weak when the radion is far from its stable minimum, which is also the condition needed for inflation. During inflationĜ(φ) grows to its normal strength and then oscillates about this value as the radion decays. It would be interesting to further investigate the extent to which our model is compatible with this proposal.
Another feature of our model is that the mass spectrum of general scalar perturbations, including the zero modes of the radion and bulk scalar field and the infinite tower of KK excitations, is completely known in terms of k and the parameters of the brane potentials. All modes can be normalized and their exact 4D effective actions determined. This presents an opportunity for constructing a model of assisted inflation [48] which we will explore elsewhere [49] .
A. Bulk field equations
The ansatz of eq. (2.2) leads to the scalar field equation We do not consider the effects of adding matter to the branes, since we are primarily interested in the cosmology generated by the dynamical evolution of the radion coupled to the bulk.
B. Kaluza-Klein excitations
In this Appendix we provide details necessary for the computation of the KK mass spectrum summarized in Section 4.2. We closely follow the methods of CGK [21] and KMP [24] and highlight differences in the zero mode solutions resulting from our different choice of stabilizing potentials on the branes. In particular, we have a second light mode due to not taking the stiff potential limit.
Starting from the action of eq. (2.1) we expand to second order in the scalar fluctuations (4.16) to arrive at [24] 
where we define v and z as in eqs. (4.18,4.19) . The eigenvalue equations for separable solutions to v = j Q j (x)ṽ j (y) are in Schrödinger form
while the second term of (B .1) is not yet in a simplified form. To reach the compact form given by (4.20) in [24] we use an equivalent set of eigenvalue equations involving F = j Q j (x)F j (y) which can be derived from the linearized Einstein equations. There are two nondynamical equations that we use to fix G and δΦ in terms of F . The first comes from recognizing that ∂ µ ∂ ν terms at linear order should vanish [21] because there are no off-diagonal contributions in the stress energy tensor to source such terms. δG µν = 0 for these 4D components gives G = −2F (B.3)
which has already been applied in (B.1). The second constraint comes from the 5D linearized off-diagonal Einstein equation, δG µ5 = κ 2 5 δT µ5 . Inserting (B.3) it can be integrated to find
where a y-dependent "constant" of integration has been set to zero to ensure localization of the perturbations in x (the large dimensions). With these constraints, the system of linearized Einstein equations is then reduced to a single dynamical equation in the bulk found from the combination δG µ µ − 2δG 5 5 ,
where one also eliminates V (eq. (2.7)) using the background solutions and the property dV /dΦ = 2µ −1 5 V of our bulk potential. Applying the definition (4.18) and the constraint (B.4) for eigenmodes F j = −m 2 j F j , eq. (B.5) is seen to be equivalent to that derived from the action involving v j (eq. (B.2)).
To determine the mass spectrum we must apply the linearized boundary conditions. At the Planck (+) and TeV (−) branes, 
where primes on the potentials denote such that the index i identifies the brane position (y = y i ) and j is an integer corresponding to the KK mode which we set to z = r, s when treating the light radion and bulk scalar modes. Solutions to (B.8), which we provide below, and consequently also to (B.2) when inserted back into the second order action (B.1), reduce to the effective actions of the KK modes given by eq. (4.20). We reproduce them here with the normalization coefficients given in terms of (B.14)
We have also substituted for the bulk potential (2.7), eliminated the V ′′ i terms in favour of perturbations using the boundary conditions (B.7), and applied the constraint equation (B.4) for δΦ.
The general solutions to the eigenvalue equations (B.10) can be written similarly to eqs. for 4m 2 j ≥ 9k 2 and m 2 z ≪ k 2 respectively. Solving first for the KK modes, at y = y 0 = 0 the constants are related by
